Introduction. The relation i£* is defined on a semigroup 5 by the rule that a!£*b if and only if the elements a, b of S are related by Green's relation =2" in some oversemigroup of 5. A semigroup S is an E-semigroup if its set £(5) of idempotents is a subsemilattice of S. A right adequate semigroup is an £-semigroup in which every i?*-class contains an idempotent. It is easy to see that, in fact, each i?*-class of a right adequate semigroup contains a unique idempotent [8] . We denote the idempotent in the if-class of a by a*. Then we may regard a right adequate semigroup as an algebra with a binary operation of multiplication and a unary operation *. We will refer to such algebras as "-semigroups. In [10] , it is observed that viewed in this way the class of right adequate semigroups is a quasi-variety.
results are similar to those of Section 4 in [10] and both sets of results are inspired by those of Reilly [19] in the inverse case.
In the final section we obtain a simple description of the free objects in the quasi-variety of adequate semigroups with central idempotents. This parallels the description of free Clifford semigroups in Chapter VIII of [18] .
1. Preliminaries. We begin by giving some elementary facts about right adequate and right type A semigroups. Alternative characterisations of the relation i?* are given by the following lemma from [14] and [17] . LEMMA 
Let S be a semigroup and let a,b be elements of S. Then the following conditions are equivalent:
(1) a£*b, As an easy consequence we have the following corollary. COROLLARY 
If e is an idempotent of a semigroup S then the following are equivalent for an element a of S:
(1) eSe*a, (2) ae = a and, for all x, y in S 1 , ax = ay implies ex = ey.
From the definition and Lemma 1.1, it follows that ££* is a right congruence and that 5£c;3?*. It is well known and easy to see that, for regular elements a, b of 5, we have aS£*b if and only if aZ£b. In particular, if 5 is a regular semigroup then i£ = 2£*.
We record next some elementary properties of right adequate semigroups which we use repeatedly. PROPOSITION As noted in [9, Lemma 2.1], if 5 is a right type A semigroup then (efa)* = (ea)*(fa)* for all e, f e E(S), a eS. Thus, in our present terminology, a right type A semigroup is right h-adequate.
From universal algebra, we have the notions of *-subsemigroup, *-homomorphism and *-congruence. It is clear that if 5 is right adequate, right h-adequate or right type A then so is any *-subsemigroup of 5. A left *-ideal of 5 is a left ideal of S which is also a *-subsemigroup of 5. By a *-ideal of 5, we mean an ideal of 5 which is also a left *-ideal. In the case of a right adequate semigroup 5, a left ideal / is a left *-ideal if and only if it is a union of if*-classes.
These ideas are connected by the following result from [10] .
Let p be a *-congruence on a right type A semigroup 5. We conclude this section by considering the smallest *-congruence on S which induces the same partition of E(S) as p. It is a relatively straightforward adaptation of the corresponding result for inverse semigroups [18] . We define the relation p min on 5 by apminb if and only if ae = be for some e e E(S) with epa*pb*. PROPOSITION 
(AB) .w = (A. w)(B. w)
and consequently the action is order-preserving.
For each element w of F x , we define w* to be the singleton {w} e E x . We note that if A = {w u . .. , w k ) s E x then A = w*. . . w£; so that E x is generated by the set {w*: w e F x }. We also observe that, for any A e E x , w e F x , we have A . w =s {w} = iv*. Let ~ be the congruence on F x * E x generated by the relation {(aa*,a):a e F x * E x } and put P x = (F x * E x )/~. It is shown in [10] that P x is the free right h-adequate semigroup on X. Further, every element of P x can be represented as w 0 A t . . .A n w n , where each A ( is in E x , each w, is in F x U {1} with w, =£ 1 when / =£0, n, and, for each i,
*. An element of P x written in such a way is said to be in normal form.
From [10] , we know that if a e P x has normal form uvl, . . . A n w n then a* = A n . w n and thus we have the following lemma which is part of Proposition 3.3 of [10] . The class si of right type A semigroups is contained in the class of right h-adequate semigroups and so, in the terminology of [15] , P x is free for sd over X, that is, P x is generated by X and, for every S e si and for every mapping a.X-*S, there is a *-homomorphism /3:P x -»5 which extends a. Since si is a quasi-variety, it follows from Lemma 4.112 of [15] that P x /y is free in si over X = {xy.x eX}, where y is the intersection of all the *-congruences p on P x such that P x lp is right type A. In other words, y is the minimum right type A*-congruence on P x and P x /y is the free right type A semigroup on X. As\X\ = \X\, we may regard P x ly as the free right type A semigroup on X.
Our next task is to describe y on P x . To help do this, we introduce the semigroup A x :^x Proof. Define a mapping 9:P X -*A X by putting ad = (c(a),a*) for each a in P x . Then a*6 = (c(a*),a*) = (l,a*) since c maps all idempotents of P x to 1. Thus fl *0 = (a6>)*.
Next we note that if C 1 ; . . . ,C k e E x , u u .. . , u k _ t e F x and u k e F x then, using the definition of a*, an easy induction argument yields
Thus if a,6 e P x have normal forms HVIJH', . . . y4 n w n , Wo^i^i • • • 5 m u m respectively then
(ab)d = (c(ab), (ab)*) = (c(a)c(b), (a*b)*) = (c(a)c(b),a*.c(b)Ab*) = (c(a),a*)(c(b),b*) = (a6)(b6).
Thus 6 is a *-homomorphism. Further, 6 is surjective because if (w,A) eA x then wA is an element of P x . Also A =£ {w} since w « a for some a e>l and so (nvi)* =/4. Hence By comparing A x with the free objects in the category of SL2 6-semigroups as described in [1] , we see that A x is the free SL2 6-semigroup on X. Thus, as noted in [3] , we have the following corollary. Since A x is proper, it follows from Proposition 1.7 that A x /p min is proper. Since p | E(A X ) = p min | E(A X ), the *-congruence p/p min is idempotent-separating and the result follows.
We remark that it is evident from the definition of p min that p min c o; so that, in the terminology of [1] and [2] , A x /p min is quasi-free. A result similar to Theorem 2.8 is stated in [1] and [2] , where it is asserted that every SL2 y-semigroup is the image of a quasi-free SL2 y-semigroup under an idempotent-separating *-homomorphism.
We also remark that Theorem 2.8 was proved in [16] by analysing *-congruences on M-semigroups and using the characterisation of A x as an M-semigroup.
Properties of A x .
The relation 5?* on a semigroup is the dual of $£*; 3)* is the join of X* and 9t*. We describe the relation 52* on A x and show that A x is a single 2)*-class. By contrast, all Green's relations on A x are trivial. We then show that A x satisfies certain maximal conditions, has solvable word problem and is residually finite.
For any element (v, A) of A x , we define the subset lS(v,A) of F x by IS(i/, A) = {ueF x :uve A}.
Since (v,A) is a member of A x , v is a final segment of some element of A and so lS(v,A) is not empty. Furthermore, since A = max/4, it is clear that lS(v,A) = {1} or IS(w, ,4) = max IS(u, A). In the latter case, IS(v, A) is a member of E x . PROPOSITION 
Let (v,A), (w,B) be elements of A x ; then (v,A)Sft*(w, B) if and only if IS(v, A) = lS(w,B).

Proof. Put H = lS(v, A). Then A = H. vU(A\H.v).
UteA\H.v then t and uv are incomparable for any element u of F x since A = max A. Hence we see that A\H. v is a subset of C. VAA for any member C of E x . Thus, for C,DeE x , we have We now turn to Green's relations. As pointed out in [10] , it is easy to see that the semilattice E x satisfies the ascending chain condition. We use this fact in the proof of the next result. In [10] , it is shown that an element of the free *-semigroup on X can be effectively reduced to a normal form in P x . Given an element a of P x in normal form, it is clear that there is a finite procedure for finding c(a) and a*. We can determine in an effective way whether two elements of F x (resp. E x ) are equal and so, by virtue of Lemma 2.1, Proposition 2.2 and Theorem 2.3, we can decide when two elements in normal form in P x are related by the congruence y. The following result is an immediate consequence. PROPOSITION 
C. v A A = D . v A A if a n d o n l y H C . V A H . V = D . V A H . V . It H = { 1 } , this l a t t e r condition is equivalent to C. v = D. v and it is not difficult to see that (v,
A
The word problem for A x is solvable.
We conclude this section by considering the residual finiteness of A x . We recall that an algebra is hopfian if all its surjective endomorphisms are automorphisms. It is pointed out in [10] that the general result of Evans [6] that a finitely generated residually finite algebra in a variety of algebras is hopfian applies equally well to a quasi-variety of algebras. The following corollary is therefore immediate from Proposition 3.6. As noted in [1] and [5] , "a = ba*" is equivalent to "a = be for some idempotent e in 5 " and the relation =s is a compatible partial order on 5 which extends the natural order of the semilattice of idempotents of 5. It will always be clear from the context when =£ is being used for the relation just described and when it is the partial order on F x used throughout the paper.
,--• We now give criteria for a subset of a right type A semigroup to be a set of free generators for the *-subsemigroup which it generates. (v, {v}) , where v e F x , and it is easily seen that condition (1) . . x iX for some j . Since F x is the free semigroup on X, we have x t = * ; , for i = 1,. .. , t and the conclusion of condition (2) now follows. Now suppose that conditions (1) and (2) (1) that (u, {u})V = (if, {w})rp and, since \j> is a *-homomorphism, we obtain (1, {v})ty = (1, {w})xp. As V ^ idempotent separating, we conclude that v = w and hence ip is injective.
Let F x = {(w, {w}): w e /^} . We now consider which subsets of F x are sets of free generators for the *-subsemigroups of A x which they generate. It is easy to see that any subset of F x satisfies condition (1) of Proposition 4.2. Thus for a subset YoiF x , condition (2) is necessary and sufficient for Y to be a set of free generators for (Y)*. We recall that a subset C of F x is a suffix code over X if F X C D C = 0 . We refer the reader to Chapter 5 of [13] for the essential facts about suffix codes. We now get w 2 = w j2 and similarly we obtain w, = w,, for i -1,. . . , t. Thus y,-= y^ for i = 1,. . . , t and condition (2) holds as required.
Over sets with at least two elements there are infinite suffix codes and so we have the following immediate consequence of Corollary 4.3. Since a right type A semigroup 5 is right /z-adequate we know by Lemma 4.5 of [10] that if 5 = (a)* for some a in 5 then E(S) = {(a k )*:ke Z,k^ 1}. In particular, E(S) is a chain, so that if s, t are any two elements of 5 then s,t cannot freely generate (s,t)* because E((s,t)*)
is not isomorphic to E(A {xy) ). Thus if \Z\ = 1 then A z does not contain copies of A x for any set X with 2 ^ \X\. We conclude this section by showing that a non-idempotent element a in any A x freely generates (a)*. 
5.
Free right type A semigroups with central idempotents. Let 38 be the class of right type A semigroups with central idempotents. From [7] , we know that if 5 e 38 then S is a strong semilattice of left cancellative monoids. In this section we describe the free objects in 58. On any right type A semigroup 5 there is a *-congruence v which is minimum among those *-congruences p such that Sip has central idempotents. As 38 is a quasi-variety of *-semigroups and is contained in the quasi-variety of right type A semigroups, it follows (as in Section 2) from Lemma 4.112 of [15] that A x /v is the free object in 38 on X. To obtain a more explicit description, we begin by considering some properties of v.
For a word w in F^-, we define alph(vi') to be the subset of X consisting of those elements which actually occur in w. For a subset A of F x we define alph(/t) = U {alph(w): w e A}. = (x n+u {w}).
As v is a ""-congruence, we thus have (1, alph(w))v(l, {>v}) and the result follows. For a non-empty set X, we denote the free semilattice with identity on X by Y x . The elements of Y x are all finite subsets of X and the operation is set-theoretic union. We define a subsemigroup S^ of the direct product F x x (y^XIl}) as follows:
5* = {(w, T)eF x x (Y X \{1):alph(iv) c T}
where alph(l) = 0 .
It is easy to verify that 5A-is right type A with central idempotents.
